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1. Introduction 

During the past fifteen years, after the publication of the landmark paper [BBGj . 
numerous papers have been written about generalized elliptic integrals, modular 
functions and inequalities for them. See e.g. |AQVVi lB4l lB5l IHLVVl IHWl 



IWZCl IWZQCj IZWCll IZWC2j . Modular equations have a long history which goes 



back to the works of A.M. Legendre, K.F. Gauss, C. Jacobi and S. Ramanujan 
about number theory. Modular equations also occur in geometric function theory 
as shown in |AQ VV , Wu2\ |K| ILV] and in numerical computations of moduli of 



quadrilaterals |HRV] . For recent surveys of this topic from the point of view of 
geometric function theory, see |AVV4l IAVV5| IPVj . The study of these functions 
is motivated by potential applications to geometric function theory and to number 
theory. 

Given complex numbers a, b and c with c 7^ 0, —1, —2, . . ., the Gaussian hyper- 
geometric function is the analytic continuation to the slit place C \ [1, 00) of the 
series 

F(a, b; c; z) = ,F,{a, b; c;z) = f^ {a,n){b n) z-^ ^ ^ 

^-^ {c,n) nl 

n=0 ^ ' ' 

Here (a, 0) = 1 for a 7^ 0, and (a, n) is the shifted factorial function or the Appell 
symbol 

(a, n) = a(a + l)(a + 2) ■ ■ ■ (a + n — 1) 

for n G Z+. 
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For later use we define classical gamma function T{x), and beta function B{x,y). 
For Rex > 0, Rey > 0, these functions are defined by 

r{x)r{y) 



poo 

T{x) = / e-*r-^dt, B{x,y) 
Jo 



T{x + y)' 
respectively. 

For the formulation of our main results and for later use we introduce some basic 
notation. The decreasing homeomorphism /la : (0, 1) — )■ (0, oo) is defined by 

_ TT F{a,l- a;l;r'^) _ n Xa{r') 
^"^^^ ~ 2 sin(7r a) F{a, 1 - a; 1; r^) ~ 2 sin(7r a) ac„(r) 

for r G (0, 1) and r' = y/l — r"^. A generalized modular equation with signature 1/a 
and order (or degree) p is 

(1.1) /ia(s) =p/ia(r), 0<r<l. 
We denote 

(1.2) s = vUr)^fi-\fia{r)/K), K e {0,oo), p = 1/K , 

which is the solution of (11. ip . 

For ae {0,1/2], K e (0, oo), r G (0, 1), we have by |AQVVi Lemma 6.1] 

(1-3) ^Kirr + Vl/Kiry = l- 

For a G (0, 1/2] , r G (0, 1) and r' = Vl — r^, the generalized elliptic integrals are 
defined by 



Xair) = |F(a,l-a;l;r2), 
<(r) = Xa{r'), and 
Xa{0) = |, Xa{l) = oo. 



£,(r) = ^F(a- l,l-a;l;r'), 

Cir) = £a(r'), 

TT , , sin(7ra) 

£a(0) = £a(l) 



2' ^ 2(1 - a)' 

In this paper we study the modular function v^^(r) for general a G (0, |], as well as 
related functions fia, Xa, rj]^, \a, and their dependency on r and K, where 



Vk{x) = (4) , s = if'kir), r = ^ , for x,K e (0, oo), 

and 

(1 4) X(K)-( ^MIZ^V - /^ /^.-Hvr/(2irsin(vra)) y _ 

^ ^ ^ ^ " Uvk(1/V2) ; " U„-H-i^/(2sin(.a))J " ^^^^^^ 

Motivated by ^ and |BV] we define for p > 1 and r G (0, 1), 

artanh„(a;) = f (1 - t^Y^dt = xF { I + xA . 

Jo \ P P J 

Then artanh2(a;) is the usual inverse hyperbolic tangent (artanh) function. 
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We give next some of the main results of this paper. 

1.5. Theorem. For a,b,c > 0, and r E (0, 1), the function g(p) = F{a^h]C]r^Y/P 
is decreasing in p E (0, oo). In particular, for p>l 

(1) F(a, 6; c; rPy/P < F{a, b; c; r) < F(a, b; c; r^/P)P , 

(2) (^) '''^^ Xai^rPf'" < 3Ca(r) < (^) Xai^r^'^f , 

(3) (^)'"' £a(ri/T < £a(r) < (^)'"'^' £a(r^)^/^ 

H. Alzer and S.-L. Qiu have given the following bounds for % = X1/2 in |AQ[ 
Theorem 18] 

^, TT / artanh(r) \ ^'^'^ , , vr / artanh(r)\ 

(1-6) 2[~^) 2 (^^j- 

In the following theorem we generalize their result to the case of 3Ca, and for the 
particular case a = 1/2 our upper bound is better than their bound in (11.61) . For a 
graphical comparison of the bounds see Figure 1 below. 



1.7. Theorem. For p > 2 and r G (0, 1), we have 

TT /'artanh„(r) it f p-l, 2^^ 

< Xn(r) < - { 1 loefl - r 



2 V P'^P 
where a = 1/p and Hp = 27r/(psin(7r/p)) . 

In |AQVV[ Theorem 5.6] (see also |BPVt Theorem 1.5, 1.8]) it was proved that 
for a G (0, 1/2] we have 

/ T S \ I \/ S 



l + rsj Wl + r s + r' s' 

for all r, s G (0, 1). This inequality will be generalized below in Theorem 14.31 In the 
next theorem we give a similar result for the function Xa- 

1.8. Theorem. The function f{x) = l/3Ca(l/ cosh(a;)) is increasing and concave 
from (0,00) onto (0,2/7r). In particular, 

XJr)Xa(s) , , , , 2Xa(r)Xa(s) 2xJr)Xa(s) 



Xairs/il + r's')) - ^ ^- Xa{^rs/{l + rs + r's')) ~ 3C„(rs) ' 

for all r, s G (0, 1), with equality in the third inequality if and only if r = s. 

There are several bounds for the function Ha{r) when a = 1/2 in |AVV1[ Chap. 5]. 
In the next theorem we give a twosided bound for fj.a{r). 
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1.9. Theorem. For p > 2 and r G (0, 1), let 

lAr)=(^Y(^^^^^^^^) and u,{r)-(^^"( pvr,-21ogr^ 



2/ \ pTTp — 21ogr'^ / V2/ — (p — 1) logr'" 

(1) The following inequalities hold 

lp{r) < fia{r) < Up{r) , 

where a = 1/p ■ 

(2) For p = 2 we have 

4 

M2(r) < -kir) . 

TT 

Acknowledgments. The first author is indebted to the Graduate School of 
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part, supported by the Academy of Finland, Project 2600066611. Both authors wish 
to acknowledge the expert help of Dr. H. Ruskeepaa in the use of the Mathematica® 
software |Ru] . The authors also acknowledge the constructive suggestions of the 
referee. 

2. Proofs of Theorems [13111.701.81 and [TqI 

For easy reference we record the next two lemmas from |AVVlj which have found 
many applications. Some of the applications are reviewed in |AVV5j . The first 
result sometimes called the monotone I'Hospital rule. 

2.1. Lemma. |AVVH Theorem 1.25] For -oo < a < 6 < oo, let f,g : [a,b] M 
be continuous on [a,b], and be differentiate on {a,b). Let g [x) ^ on {a,b). If 
f {x)/g (x) is increasing (decreasing) on {a,b), then so are 

[f{x)-f{a)]/[g{x)-g{a)] and [f{x)-f{b)]/[g{x)-g{b)]. 

If f' (x) / g' (x) is strictly monotone, then the monotonicity in the conclusion is also 
strict. 

2.2. Lemma. [AVVH Lemma 1.24] For p G (0, cxd], let I = [0,p), and suppose that 
f,g : I ^ [0, cxo) are functions such that f{x)/g{x) is decreasing on I \ {0} and 
g{0) = and g{x) > for x > 0. Then 

fix + y){g{x) + g{y)) < g{x + y){f{x) + f{y)) , 

for x,y,x + y G /. Moreover, if the monotonicity of f{x)/g{x) is strict then the 
above inequality is also strict on I \ {0}. 

For easy reference we recall the following lemmas from AQ VV] . 



2.3. Lemma. For a G (0, 1/2], G (1, oo), r G (0, 1) and s = tp^^ir), we have 

(1) /(r) = s' 3Ca(s)^/(r' 3Ca(r)^) is decreasing from (0,1) onto (0,1), 

(2) g{r-) = sX^{sY /{r X^{r)^) is decreasing from (0,1) onto (1, oo) , 
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(3) the function r'^3Ca(r) is decreasing if and only if c > 2a(l — a), in which 
case r''^ Xa{r) is decreasing from (0,1) onto (0,7r/2). Moreover, W Xa{r) is 
decreasing for all a G (0, 1/2]. 

2.4. Lemma. The following formulae hold for a G (0, 1/2], r G (0, 1) and x,y,K & 
(0,oo).- 

d F I TTl 

(1) — — = F{1 + /, 1 + m; 1 + n; r); F = F(l, m; n; r) , 

dr n 

dXa{r) 2(1 -a)(£,(r) -r'2 3C,(r)) 



(3) 
(4) 



dta{r) ^ 2{a-l){Xa{r) - £a(r)) 

dr r 
duair) -vr^ 



d<fUr) ^ ss'^Xgjs)^ ^ ss'^Xa{s)x'^{s) ^ ^s_s^Xj^ 

dr Krr"^Xa{rY rr'^ Xa{r) X'^{r) rr"^x!^{rY' 
dip'i^ir) ^ Ass'^xXsflia{r) 

^ ' dK TT^K^ 

where s = (p\{r), 

dr]'},{x) _ 1 / /g3C,(g) y / r'g<(g) y _ /r's^ OCa{s)X^{s) 

dx K\rs'Xair)J \rs' X'^{r) J \rs' J Xa{r)x'^{r)' 
rfr7^(x) ^ 87]'}^{x)fia{r)Ka{sy 

^ ' dK n^K^ 1 

in (7) and (8), r = ^^/xJiY+~x) and s = ip%-{r). 

2.5. Lemma. |AVVlt Theorem 1.52(1)] For a,b > 0, the function 

, - _ -F(a, b;a + b;x) - 1 
log(l/(l-a:)) 

is strictly increasing from (0,1) onto {ab/{a + b),l/B{a,b)). 

2.6. Proof of Theorem 11.51 With G{r) = F{a,b] c;r'^), and g as in Theorem 11.51 
we get by Lemma [2.4( 1) 

(G(r))^^^~^ 

g'(p) = ^ >> (c Gir) log ( Gir)) + a 6p F (a + 1, 6 + 1; c + 1; r^) log(l/r)) 

which is negative. Hence this imphes (1), and (2) follows from (1). For (3), write 
F{r) = F{—a, b; c; r^). We define h{p) = F{rY^'P and get 

h'(p) = ^ ^ icFir) \ogill Fir)) + abprP Fia + l,b+l]c+l]r'P) log(l/r)) 

cp^ 

which is positive because F{r) G (0, 1). Hence h is increasing in p, and (3) follows 
easily. □ 
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Figure 1 . Comparison of upper bounds given in Theorem 11.71 and 
ffLHj) for DC(r). 



2.7. Proof of Theorem 1 1.7L By the definition of artanhp, Lemma l23] and Bernoulh 
inequahty we get 



F( l,i;l + -;r" 



< I 1 - - log(l - rP) 
P 

< 1 — 1 ( ^ 



p — 1 
< 1 + ^log 



1/2 



< 1 - 



p — 1 

p2 



1-rP 

,2 



Again by Lemma [2.51 and |ASl 6.1.17] we obtain 



e < F( -,l--;l;r^ 
P 
1 



log(l-r^)=e. 



'-Xi/p{r 
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and this completes the proof. □ 
2.8. Proof of Theorem II. 8L Writing r = 1/ cosh(x) we have 

— = — (sinhx)/ cosh^x = —rr' 
ax 

and 

f'(r) = = 2(1 -g) £„(r)-/^3C.(r) 

^ Xl{r)dx Xl{r) rr'^ ^ ' 

_ . £a(r)-r^^3C,(r) 

which is positive and increasing in r by Lemma 12.3( 3) and therefore f'[x) is de- 
creasing in X and / is concave. Hence, 



1/1 1 , 

+ — < 



2 V3^a(l/cosh(x)) 3Ca(l/cosh(?/))y " aCa(l/ cosh((x + y)/2)) 

2 3Ca(r)ac„(s) 



3C(A/rs/(l + rs + r's')) ' 
usmg cosh^((a; + y)/2) = (1 + rs + r s )/(rs) and setting s = 1/ cosh(?/). Clearly, 
(r - s)^ > 1 - 2rs + r^s^ > 1 - - + r^s^ 

<^==^ 1 — rs > r s <^=^ 2>1 + rs + rs <^==^ 2rs/(l + rs + r s ) > rs , 

and the third inequality follows. Obviously, /(0+) = 0, and f [x] is decreasing in 
X. Then f{x)/x is decreasing and f{x + y) < f{x) + f{y) by Lemmas 12.11 and [2.2[ 
respectively. This implies the first inequality. 

2.9. Proof of Theorem II. 9i By Lemma 12751 we get 

(a) 1 - ^^^logr^ < F (-,l--;l;l-rA < 1 - ^logr^ 

\p p J PT^p 

(b) 1 - log(l - r^) < F ( i, 1 - 1; ) < 1 - ^ log(l - r^) . 

By using (a), (b) and the definition of /i^, we get (1). The claim (2) is equivalent to 
2(7r-log(r2)) ^ 4 ^7r^2 4 - log(r2^ 



4 — log(l — r^) vr V2/ vr — log(l — r^) 
4(7r - log(r2))(7r - log(l - r^)) - (4 - log(r2))(4 - log(l - r^)) < 0, 

(tt - 4)(47r - log(r2) log(l - r^)) < (vr - 4)(47r - (log(2))2) < . 
For the second last inequality we define w{x) = log(a;) log(l — x), and get 
/, . fl — a;) loefl — a;) — a; loefa;) —a(x) 
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and see that g{x) = x log(x) — (1 — a;) log(l — a;) is convex on (0, 1/2) and concave on 
(1/2, 1). This imphes that g{x) < for a; G (0, 1/2) and g{x) > for a; G (1/2, 1). 
Therefore w is increasing in (0, 1/2) and decreasing in (1/2, 1). Hence the function 
w has a global maximum at x = 1/2 and this completes the proof. 

□ 



One can obtain the following inequalities by using the proof of Theorem 11.91 



271 (1 - (2/(p7rp)) log r2) " ^'^^ ^ " 2tt (1 - ((p - l)/p) log r^) ' 
with a = 1/p and p > 2. 

2.10. Lemma. The following inequalities hold for all r, s G (0, 1) and a G (0, 1/2]; 
(1) %a{rs) < v/3C„(r2)ac„(s2) < | ac„(r) 3C,(s) , 



(2) f £,(r) £„(s) < v/£a(r2)£,(s2) < £,(rs) . 
Proof Define f{x) = log( aCa(e"'')), x > 0. We get by Lemma 1214^ 2) 

and this is negative by the fact that h{r) = £a(r) — r ^ Xa{r) > and decreasing in r 
by |AQ VV , Lemma 5.4(1)] and the fact that h is increasing {h'{r) = 2arXa{f) > 0). 



Therefore f'{x) is increasing in x, hence / is convex, and this implies the first 
inequality of part one. The second inequality follows from Theorem 11.5( 2). 

The first inequality of part two follows from the Theorem I1.5r 3). for the second 
inequality we define g{x) = log(£a(z)), z = e~^, x > 0, and get Lemma 12^ 3) 

2(1- a) (^^(4^, 
which is positive and increasing in z by |AQ VV Theorem 4.1(3), Lemma 5.2(3)], 



hence g'{x) is decreasing in a;, therefore g is increasing and concave. This implies 
that 

log(£,(e-(-+^)/2)) > (log(£,(e--)) + log(£,(e-^)))/2, 
and the second inequality follows if we set r = e~^/^ and s = e~^/^. □ 

3. Few remarks on special functions 

In this section we generalize some results from |AVVH Chapter 10]. 

3.1. Theorem. The function f^a^iv) exactly one inflection point and it is log- 
concave from (0, 00) onto (0, 1). In particular, 

{f,-\x)nf,-\y)y<^^^\px + qy) 

for p, q, X, y > with p + q = 1. 
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Proof. Letting s = fJ^a^{y) we see that fia{s) = y. By Lemma [231(4) we get 

dS ^ 4 '2 { \2 

ay vr"^ 



d?s ds 4 

dy"^ dyTr"^ 



{s 2 X,{sf - 2s^ Xa{sf + 2 Xa{sf{ £a(s) - s ^ 3C,(s))) 

y " " 

= Xa{sf{2 £„(s) - (1 + S^) Xa{s)) . 

We see that 2 £a(s) — (1 + s^) Xa{s) is increasing from (0, oo) onto (— oo, 7r/2) as 
a function of y. Hence d{fi^^ (yo)) / dy"^ = 0, for yo G (0, cxd) and has exactly one 
inflection point. Let f{y) = log(/i~^(?/)) = log s. Then 

f'{y) = --rs'oc^{sr 

which is decreasing as a function of y, by Lemma [2T3] (3). hence is log-concave. 
This completes the proof. □ 

3.2. Corollary. (1) For K > 1, the function f{r) = (log (p'^{r))/ logr is strictly 
decreasing from (0, 1) onto (0, 1/K). 

(2) For -fT > 1 ,r G (0, 1), the function g{p) = decreasing from (0, oo) 
onto (r^/^,1). In particular, 

rP/^<¥.^,(r^)<^^(r)^ J9>1, 

and 

VK{rn>VK{rf, 0<p<l. 

Proof. Let s = <^^(r). By Lemma [2.4( 5) we get 

, 3^^s)<(s) 
^ ^ srr 2 3Ca(r)D<:;^(r) 



log r log s 



and this is equivalent to 

r(\ogr)'^ f' (r) = s"^ XJs)x'(s) . ,^ / ^ , / ^ ,o / n , / n 

V^'3c,(r)ac;(r) s'^ ac„(s) ac;(s) , 

which is negative by Lemma [2.3( 3). The limiting values follow from I'Hopital Rule 
and Lemma [2.3( 1). We observe that 

/log^|(rP) \ , 

and (2) follows from (1). □ 

3.3. Lemma. For 0<a<l/2, K,p>l and r, s G (0, 1), the following inequalities 
hold 



1 + ^<^^(rP)(^^(sf) - l + <^^(r)^^(s) - 1 + ((^^.(^)(^^(^))P 
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Figure 2. Let g(a,K,p,r,s) = V^Kir^2ll:fJllf l, h(a,K,r,s) = 

(t+^) t'e the lower bounds in Lemma IX^ and fl3.4p . respectively. 
For a = 0.2, K = 1.5, p = 1.3 and s = 0.5 the functions g and h are 
plotted. We see that for r G (0.2, 1) the first lower bound is better. 

Proof. It follows from the Corollary I3.2r 2) that 

^Kirn'^' < Mr) ■ 
From the fact that artanh is increasing, we conclude that 

artanh((^^(rP)^/P) + artanh((^^(sP)^/P) < artanh((^^(r)) + artanh((^^(s)) 
This is equivalent to 

^rPy/P + ^^(s^')Vf ^^ ^ ^^^^^^ f ^^(r) + ^Us) 



artanh 



and the first inequality holds. Similarly, the second inequality follows from <f'i^{r) < 
(^^(ri/P)P. □ 

For 0<a<l, i^'>l and r, s G (0, 1), the following inequality 



(3.4) 

is given in 



r + s 



1 + rs 
AQVVi Remark 6.17]. 



< 



l + ^^(r)¥.^(s) 



3.5. Theorem. For r,s E (0, 1), we have 

(1) |(^^(r) - (^^(s)| < ipU\r- s\) < e(i-i/i^)«(")/2|r - s\^/^ , K > 1 
here R{a) is as in |AQ VV Theorem 6.7] 
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(2) |(^^(r) - <^^(s)| > ^^(|r - s\) > e(i-i/i^)-f?(")/2|r - 0<K <1. 



Proof. It follows from |AQ VV Theorem 6.7] that r ^v'^(r) is decreasing on (0, 1), 



if K > 1 and by Lemma [2.21 we obtain 

+ y)< + My), x,ye (o, i) . 

Now the first inequality in (1) follows if we take r = x + y and s = y, the second one 
follows from |AQW Theorem 6.7]. Next, (2) follows from (1) and the fact that 



^ABir) = ^'X{Mr)), A,B>0,rE (0,1) 
when we replace K, r and s by 1/K, (p'^^j^{r), y9"^^(s), respectively. □ 

3.6. Theorem. For a G (0, 1/2], c, r G (0, 1) and K, L G (0, oo) we have 

(1) The function f{K) = log(v9^(r)) is increasing and concave from (0, oo) onto 
(-00,0). 

(2) The function g{K) = artanh(y9^(r)) is increasing and convex from (0, oo) 
onto (0, oo) . 

(3) V^^(^)'^'^l(^)^ ^ V^cX+(i-c)l('^) — tanh(cartanh(v9^(r)) + (l— c) artanh((y9f_(r))) 
(4) 

^ + ipljr) 

- 1 + ip'k{r)^lir) + ¥^^/^(r>^/Jr') ' 

Proof. For (1), by Lemma [2.4( 6) we get 

f'{K)=4s'Xa{sffia{r)/{n'K), 
which is positive and decreasing by Lemma [2.3( 3). For (2), we get 
f'{K) = AsXa{sfl^a{r)/{n'K') = . <(.)V;x,(r) 

by Lemma [2.4( 6). which is positive and increasing by Lemma [2.3( 3). By (1) and 

(2) we get 

clog(^l,(r)) + (1 - c) log«(r)) < log(^^^^.(i_,)^(r)), 

^'^^^T^HVcK+(i-c)K{r)) < aartanh(^^(r)) + (1 - c) artanh((^^(r)), 
respectively, and (3) follows. Also 

(log((^^(r)) + log(^2(0))/2 < \ogi^U+L)/2ir)) , 

and 

artanh(v9";^_i_^)/2(^)) ^ (artanh(99^(r)) + artanh(v9j))/2 , 
follow from (1) and (2), and hence (4) holds. □ 

3.7. Theorem. For K > 1 and < m < n, the following inequalities hold 
(1) ■r]''^{mn) < \j r]'^{'m'^)ri'l^{n'^) , 
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n^^/K i]]^{n) /n\K 



2 - 

(3) r]'k{m)r]'},{n) < { r/^ 



m + n 



\u!r^+lt(!n) < ^^^^^ < V^&M^- 

Proof. We define a function g{x) = log ri'^{e^) on M. By [AQVV, Tlieorem 1.16], g 
is increasing, convex and satisfies 1/K < g (x) < K. Then 



logr/^(e(-+^)/2) = g(^ 



x + y\ ^ 9{x) + g{y) 



= ^log(r/^(e^')) + ^log(r/^(e^)), 

and this is equivalent to 

logvUe-'/'ey/') < log(r/^(e-/2)7^^(e^/2)) . 

Hence (1) follows if we set e^^^ = m and e^^^ = n. For (2), let x > y. Then by the 
inequality 1/K < g {x) < K and the mean value theorem we get 

(x -y)/K < g{x) - g{y) < K{x - y), 

and this is equivalent to 

(log(e^) - log(e^^))/ir < log(r?^(e^)) - log(r/^(e^)) < i^(log(e^) - log(e^)) . 

By setting e^^^ = m and e^/^ = we get the desired inequality. For (3), let 
f{x) = log(77^(x)), r = A/a;/(l + a;) and s = ^xir). Then by Lemma 12^ 7) we get 

f'(r] = 1 (s'\' f sr'x^{s) \' _ 1 fr'\' fX^jsY " 
' K\sJ \rs'Xair)J K \r ) \x,{r) 

1 f f sXais 



K \ s J \rXa{r) 

which is positive and decreasing by Lemma 12. 3r 2). Hence {f{x) + f{y))/2< + 
y)/2), and the inequality follows. 

For (4), letting h{x) = l/ri]^{e^), we see that this is log-concave by (1), and we get 
log(l/^^(e-)) + log(l/r/^(e^)) ^ iog(i/^^(e(^+^)/2)) , 

Setting = m and = n we get the second inequality. We observe that h{x) = 
(s'/s), s = <^K{r), r = v^e^/(e^ + 1). We get 

r/\ I fr'\ f s Xa{sy ^ 



K \ s J \r' Xa{r)_ 

which is positive and decreasing by Lemma [2.3( 1). hence h is convex, and the first 
inequality follows easily. □ 
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3.8. Theorem. For x G (0,oo), the function f : (0, oo) — t- (0, oo) defined by f{K) = 
Tjf^ix) is increasing, convex and log-concave. In particular, 

vUxrviixy^" < fc(i-e)L(^) < cvUx) + (1 - C)VUX) 

for K,L,x & (0, oo) and c G (0, 1), with equality if and only if K = L. 



Proof. We observe that f{K) = (s/s')^, where s = ^1^{r) and r = ^Jx/{x + 1). We 
get by Lemma [2.4( 8) 



-it'^s"^K^ 7rsin(7ra) 3Ca(r) 

which is positive and increasing by Lemma 1231 3). hence / is increasing and convex. 
For log- concavity, let g{K) = \og{r]]^{x)). By Lemma [231^8) we get 

vr^A"^ 7rsm(7raj Xav) 

which is decreasing, hence / is log-concave. □ 

3.9. Theorem. The function 

logr7^(x) - log(x) 

= Y^i 

is decreasing from (l,oo) onto 



sin(7r a) 3C|j(r) ' 7rsin(7ra) 
and the function 

is increasing from (1, oo) onto 

(4r^ sin(7r a) 3C„(r) %^{r) / {-ur"^) , oo) 



where r = ^Jx/{x + 1). 

Proof. It follows from Theorem 13.81 and Lemma 12.11 that / is monotone. Let s 
V?^(r), by Lemma [23(6), the I'Hopital Rule and definition of /Xq we get 

2 / sr' 

lim f{K) = lim — — - log — 

K^i K^i K — 1 \s r 

K^l K^TT^ TX^ y y r y y TT Sm(7r tt) 

By using the fact that K = Haij) / l^a{s) and the I'Hopital Rule, we get 

„„, UK) = lim »jAfll4fl 
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2<(s)2 2 3C,(0)2 7r3C„(r) 



lim 



K^oo sm'^{7r a) fia{r) sin^ {it a) fiair) sm{7ia)x'^{r) 

Next, let g{K) = G{K)/H{K), where G{K) = {s/sf-{r/r'f &nd H{K) = K-1. 
We see that G(l) = H{1) = and G{oo) = H{oo) = oo. We see that 

G'(ir)/ij'(ir) = 2(.<(s))V(^'V(r)), 

and it follows from Lemma [2.3^ 3) and Lemma [2.11 that g{K) is increasing and the 
required limiting values follow from v^xl^) = t^a^il^aij) / K). □ 

3.10. Remark. If we take x = 1 in Theorem l3.9l then with t = 43Ca(l / a/2)^/ (tt sin(7r a)) 
we have 

(1) the function \og{\a{K)) / {K — 1) is strictly decreasing from (1, oo) onto 
{it/ sin(7r a),t), and 

(2) the function {\a{K) — l)/ {K—1) is increasing from (1, oo) onto {t sin^(7r a), oo). 
In particular, 

l + t{K - 1) sin2(7r a) < \a{K) < oo, 
respectively, and we get 

max{e"(^-i)/^'"(""),l + t(ir-l)sin2(7ra)} < \a{K) < e'^^-^\ 

3.11. Lemma. For c G [—3,0), the function f{r) = Xa{rY + Oc'^{ry is strictly 
increasing from (0,1/^2) onto ((7r/2)^ 2 3^^(1/72)^). 

Proof. By Lemma I2.4r 2) we get 

2(1 - a)cXa{rr-' ( £a(r) - r'^ X,{r)) 2(1 - a)c<(r)^-i( £l(r) - <(r)) 



fir) 



2{l - a)c{%a{r) <(r))^-i 



-{h{r)-h{r)), 



r2<(r) 



l-c 



and here h{r) = 2_ {^a{f) — r 3Ca(r)), which is increasing on (0,1) by 



r 



[AVVli Theorem 3.21(1)] and Lemma E3](3). Hence /'(r) < on (0,1/^2), and 
the limiting values are clear. □ 

3.12. Theorem. (1) For K > I, the function {\og{\a{K))/{K - l/K) is strictly 
increasing from (l,oo) onto (2 3Ca(l/-\/2)/(vr sin(7r a)), vr/ sin(7r a)). 

(2) The function log(Aa(-ft') + 1) is convex on (0, oo), and log(Aa(-ft')) is concave. 

(3) The function g{K) = (log(Aa(i^)))/logii' is strictly increasing on (l,oo). In 
particular, for c G (0, 1) 

Xa{K') < {X,{K)y . 
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Proof. For (1), let r = fi-^n K / {2 sm{7T a))) , < r < 1/V2. Then by ([L3]) 



2 sinfTT a) 



/^a^ ( Kfia [ 4= ) ) ) = f^a^ 



.V2/ J J \2Ksm{TTa) 
we also observe that K = OC'^{r) / OCa{r). Now it is enough to prove that the function 

21og(r7r) _ 7rlog(r7r) 

X'^{r)/Xa{r) - Xa{r)x'^{r) ~ sin(7r a) (/ia(r) + /ia(r')) ' 

is strictly decreasing on (0,1/72). Set /(r) = G{r)/H{r). Clearly, G(l/72) = 
if(l/72) = 0. By Lemma [23K4) we get 

G\K) _ 4 

~ 7rsin(7r a)(3C„(r)-2- 3C,(r')-2)' 

which is strictly decreasing from (0, l/"\/2) onto 

(2 3Ca(l/72)/(7r sin(7ra)),7r/sin(7ra)) 

by Lemma [3.111 Now the proof of (1) follows from Lemma [2.1[ For (2), it follows 
from Theorem 13.81 that log(Aa(-ft')) is concave. Letting f{K) = Xa{K) + 1 we have 



2 sinfTT a) 



by (11. 4p and (II. 3p . Now we have log/(-ft') = —2 logy, here fiaiv) = vr_ft'/(2 sin(7r a)). 
By Lemma 12.41 (4) we get 

f'iK) 2dy 4 , 
f[K) ydK TT 

which is decreasing in y by Lemma [2.3^ 3). and increasing in K. Hence log/(i^) is 
convex. 

For (3), K>1, let h{K) = {K - l/K)/\ogK. We get 

,7^^ (l + K^)logi^-(i^^-l) 

which is positive because 

by [AVVH 1.58(4)a], hence h is strictly increasing. Also 

log(A,(ir)) hgiXaiK)) 



g{K) = h{K)- 



K-l/K \ogK 
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is strictly increasing by (1). This implies that 

hgiX^m) ^ \og{Xa{K)) 
c log K log K 

and hence (3) follows. □ 

3.13. Corollary. For < r < 1/^2 and t = 7rV(2 3C„(l/y2)2), we have 

(1) The function f{r) = {na{r) — Ha{r ))/log(r /r) is increasing from (0, 1/a/2) onto 
(1, t) . In particular, 

log{r'/r) < flair) - fia{r') < ————^log{r'/r). 

(2) For g(r) = \og(r' /r), 

g{r) + A/(7r/sin(7r a)Y + girf < 2fia{r) < tg{r) + A/(7r/ sin(7r a))^ + t2 ^(r)^. 

Proof. It follows from the proof of Theorem 13.12( 1) that /(r) is increasing, and 
limiting values follows easily by the I'Hopital Rule. For (2), from the definition of 
fjLa we get iia{r ) = 7r^/((2 sin(7r a))^/ia(r)), replacing this in (1) we obtain 

^ ^ ^,(r)^-7rV(2sin(7ra)f ^ ^ 



flair) log{r'/r) 2Xa{lV2)^ 
This implies that 



(3.14) i2a{r) - i2a{r)\og{r /r) > 



2 



(2 sin(7r a)) 
and 

2 ' '^^ 

(3.15) fj,a{r) -tfia{r)log{r/r)< 



(2sin(7ra))2 ' 

We get the left and right inequalities by solving fl3.14p and fl3.15p for fia{r), respec- 
tively. □ 

4. Three-parameter complete elliptic integrals 

The results in this section have counterpart in |AQ VV| . For a,b,c> 0, a + b > c, 
the decreasing homeomorphism /ia,fe,c : (0, 1) — )■ (0, 1), defined by 

B{a,b) F{a,b; c; r'^) ^ 
2 F{a,b;c;r'') 

where B is the beta function. The (a, b, c)-modular function is defined by 

^t\r) = t^-alM^tAr)/K) . 

We denote, in case a < c 

fJ^aA^') = l^a,c-aAl") ^ud ^f^jfir) = "jf '''''' (r) . 
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We define the three-parameter complete elhptic integrals of the first and second 
kinds for < a < min{c, 1} and 0<6<c<a + 6, by 

, , B(a, b) ^, , 2\ 



2 

B{a,h) 



F{a - 1,6; c;r^) 



and denote 



4.1. Lemma. |HLVV| Theorem 3.6] For < a < c < 1, the function f{r) 
/^a,c ('")artanhr is strictly increasing from (0,1) onto (0,(5/2)^). 



4.2. Lemma. |HLVVt Lemma 4.1] Let a < a < 1, K e (l,oo), r G (0,1), and let 
s = Lp"^{r) and t = (p'^J'j^{r). Then the function 



(1) h{r 

(2) /2(r 

(3) /3(r 

(4) gi{r 

(5) g2{r 

(6) g'i{r 

(7) g,{r 

(8) g^{r 



'^a,c{.s)/ 3Ca^c(r) is increasing from (0,1) onto {1,K), 

s Xa,c{sy/{r ^a,c{r)^) is dccrcasing from (0,1) onto (0,1), 

s 3C^^^(s)^/(r 3C^^^(r)^) is decreasing from (0,1) onto (l,oo), 

3^a,c(^)/ 3Ca,c('^) decreasing from (0,1) onto (1/^^,1), 

t 3Ca^c(^)^/('" 3Ca^c('")^) is increasing from (0,1) onto (l,oo), 

1 3c|j ^(t)^/(r ^(r)^) is increasing from (0,1) onto (0,1), 

s/r zs decreasing from (0,1) onto (l,oo), 

t/r zs increasing from (0,1) onto (0,1). 



4.3. Theorem. For < a < c < 1, t/ie function f{x) = fJ'a,c{^/ cosh(x)) is increas- 
ing and concave from (0, oo) onto (0, oo). In particular, 



rs 



1 + r s 



2rs 



1 + rs + r s 



for all r, s G (0, 1). The second inequality becomes equality if and only if r = s. 
Proof. Let r = l/cosh(x) and (cf. |HLVV] ) 



M(r^ 



B{a,b) 



b{OCaAr) £l,e(^) + <c(^) £a,c(r) - 3C,,,(r) x'^^r)) 



We get 



5(a,6) M(r2 



2 r'2 3C(r)2' 

which is positive and increasing in r by |HLVV| Lemma 3.4(1), Theorem 3.12(2)], 
and / is decreasing in x. Hence / is concave. This implies that 



2 ^A'-a-c \^j.Qg]^(^^-j 



cosh(2/) 



cosh((x + y)/2) 
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and we get the second inequality by using the formula 

cosh 



^ + y\\ l + rs + rs 



2rs 

and setting s = 1/ cosh(y). Next, f (x) is decreasing in x, and /(O) = 0. Then 
f{x)/x is decreasing on (0, cxd) and f{x + y) < f{x) + f{y) by Lemmas 12.11 and \^I?2\ 
respectively. Hence the first inequality follows. □ 

4.4. Lemma. For < a < c < 1, we have 

for all r, s G (0, 1), with equality if and only if r = s. 
Proof. Clearly, 

(r - s)^ > 1 + r^s^ >l-{r - sf + r'^s'^ 

<^==^ (1 — rs) >1 — r — s +rs <^=^ 1 — rs > r s 

<^=^ 2>1 + rs + rs <^==^ 1 / (rs) > (1 + rs + r s')/ (2rs) . 
By using the fact that iia,c is decreasing, we get 



' 1 + rs + r s ' 

and the result follows from Theorem 14.31 □ 
4.5. Theorem. For K>l,{)<a<c and r,s E (0, 1), 

tanh(irartanhr) < y9^'^(r). 
The inequality is reversed if we replace K by 1/K. 

Proof. Let s = (p'^'^^r). Then s > r, and by equality (p°if{r) = fi'Kfia^r) / K) and 
Lemma [4. II we get 

— /ia_c('")artanh s = /ia^c('5)artanh s > /ia^c ('")artanhr. 



r . 



which is equivalent to the required inequality. For the case 1/K let x = V'"/^^ 
Then x < r, and similarly we get 

-^yUa,c('")artanhx = /ia,c (a;)artanhx < /ia,c('")artanhr , 

and this is equivalent to tanh((artanhr)/JC) > ip'^J^j^{r). □ 
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